Abstract. We investigate the geometry of both degenerate and non-degenerate paracomplex submanifolds of a parahermitian manifold. We stress on basic properties of these submanifolds which are specific to paracomplex geometry. As an example we prove that any degenerate surface of a 4-dimensional parahermitian manifold is totally geodesic.
Introduction
In the last decade paracomplex geometry has been intensively studied by several people (see the excellent survey of Cruceanu, Fortuny and Gadea [5] ). In particular, interesting results have been obtained on the geometry of submanifolds in a parahermitian manifold (cf. Bejan [1] , Bejancu and Etayo [4] , Etayo and Fioravanti [7] , Gadea and Montesinos [10] and Rosea [13] , [14] , [15] ).
The present paper is dealing with the geometry of paracomplex submanifolds in a parahermitian manifold. These are submanifolds whose tangent bundle is invariant with respect to the almost product structure of the ambient manifold. In section 2 we arrange the notions and results we need from paracomplex geometry and theory of submanifolds. Then we study in section 3 non-degenerate paracomplex submanifolds of parahermitian manifolds. In particular, when the ambient manifold is a parakaehlerian manifold or a parakaehlerian space form we find basic properties of their paracomplex submanifolds. Apart from some results similar to those from complex geometry (Lemma 3.1, Corollary 3.1) we state some specific results to paracomplex geometry (see Theorems 3.1-3.4). In the last section we are concerned with the geometry of degenerate parahermitian hypersurfaces of parahermitian manifolds. We first prove the non-existence of degenerate parahermitian hy- 
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On the other hand, we may consider on M an orthonormal frame field {Ei, JEi}, where {¿?i} and {JEi} satisfy (2.5) (a) g{E i ,E j ) = -g{JE u JEj) = 6 i j and (b) g{E i ,JE j ) = Q.
With respect to this frame field g is written as follows Next, we denote by V the Levi-Civita connection on M with respect to g. We say that an almost parahermitian manifold (M, J, g) is a parakaehlerian manifold if J is parallel with respect to V, i.e., we have Now, we consider X G T X M such that X and JX are linearly independent and g restricted to the plane II = Span{X, JX} is non-degenerate. Then denote by R the curvature tensor field of V and define the paraholomorphic sectional curvature determined by X, by the formula (cf. Gadea and Masque If the paraholomorphic sectional curvature is a constant, then we say that (M, J, g) is a parakaehlerian space form. We denote a parakaehlerian space form of constant paraholomorphic sectional curvature c by (M(c), J, g). The curvature tensor field R of M(c) is given by (cf. Gadea and Montesinos Let M be an n-dimensional non-degenerate submanifold of an almost parahermitian manifold (M,J,g), that is, the induced metric g on M is non-degenerate of constant index. Then the Gauss formula is given by (2.10)
for any X, Y € T(TM).
Here, V is the Levi-Civita connection on M with respect to g and h is the second fundamental form of M.
By direct calculations it follows that the curvature tensor fields R and R of M and M are related by the Gauss equation given by where ffi stands for direct sum of ilon-orthogonal vector bundles. When Rad TM is either TM or TM 1 , we have S(TM) = {0} or S(TM X ) = {0}, respectively, and thus the last decomposition in (2.14) is substantially simplified. We shall meet the latter case in Section 4. When M is a submanifold of (M, J,g), apart from the induced tensor field g on M we should study the behaviour of TM with respect to the almost product structure J. In this respect we say that M is a paracomplex submanifold if
The purpose of the next two sections is to find the basic properties of both non-degenerate and degenerate paracomplex submanifolds. In the degenerate case we restrict our study to degenerate paracomplex hypersurfaces.
Non-degenerate paracomplex submanifolds of parakaehlerian manifolds
Let (M, J, g) be a 2m-dimensional parakaehlerian manifold and M be a paracomplex submanifold of M. Denote by J the restriction of J to TM. In the present section we suppose that M is also a non-degenerate submanifold of the pseudo-Riemannian manifold (M,g), that is, the induced tensor field g on M by g is non-degenerate and of constant index. Then it is easy to see Proof. Replace both Y and W by JX and Z by X in (2.11), and by using (3.1) we deduce that (
3.4) g(R(X, JX)X, JX) = g{R(X, JX)X, JX) -2g{h(X, X), h(X, X)).
Then, multiplying (3.4) by -g(X,X)~2 and using (2.8) we obtain (3.3).
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For any non-zero vector X € T X M we call h(X, X) the normal curvature vector of M with respect to X at the point x € M. By using Lemma 3.2 we obtain the following. Also, we prove the following theorem on causality of normal curvature vector. Proof. As II is a non-degenerate paraholomorphic plane, there exists a non-lightlike vector E such that II = Span{E, JE}. Then, any X 6 II is expressed as follows (3.5) X = aE + 0JE, a,0eR.
By direct calculations, using (3.5), (3.1), (2.1) and (2.2) we obtain
g(h(E, E),h(E, E)).
Also, by using (3.5), (2.1) and (2.2) we deduce that X is lightlike if and only if a = /3 or a = -(3. Hence, in this case, from (3.6) we infer that h(X, X) is lightlike too. Finally, from (3.6) we see that in case h(E, E) is spacelike or timelike, then h(X, X) is so for any non-lightlike vector X € II.
• Now, we consider the orthonormal frame field {E a ,JE a } on M. Then the Ricci tensor field S of M is given by (cf. O'Neill [11] , p. 87)
for any X, Y € T(TM). Then we may state the following lemma. 
for any X,Y e T(TM).
Proof. By using (2.11), (2.9) and (3.1) we obtain
JE a )g(Y, JE a ) -g(X, Y)} + g(h(E a , E a ), h(X, Y)) -g(h{X, E a ),h(Y, E*)),

and (3.10) g(R{JE a , X)Y, JE a ) = | {g(X, JE a )g(Y, JE a ) + 3g(X, E a )g(Y, E a ) +g{X, Y)} + g(h(E a , E a ), h(X, Y)) + g(h(X, E a ), h(Y, E a )).
Then (3.8) follows from (3.7) by using (3.9), (3.10) and (2.6) for g with respect to the orthonormal frame field {E a , JE a }.
•
The first normal space of the immersion of M in M(c) at x G M is denoted by Ni(x). Thus we have (cf., Dajczer et al. [6], p.54)
Ni{x) = Span{h(X,Y)-,X,Y E T X M}.
When any vector of N\ (x) is lightlike we say that Ni (x) is a totally lightlike subspace of T X M L .
THEOREM 3.3. Let (M, J, g) be a paracomplex submanifold of a parakaehlerian space form, (M(c), J,g) such that one of the following conditions is satisfied: (i) M is totally geodesic. (ii) At any point x G M, Ni(x) is a totally lightlike subspace ofT x M Then (M, J, g) is an Einstein manifold.
Proof. When M is totally geodesic, the assertion is a direct consequence of (3.8) since h vanishes identically on M. If the condition (ii) is satisfied then from (3.8) we obtain
S(X, X) = ^c g(X, X), VX e T(TM),
since any h(X, E a ) is a lightlike vector field. As both S and g are symmetric, by bilinearity we deduce that M is an Einstein manifold.
• Finally, we prove the following.
THEOREM 3.4. Let (M,J,g) be a paracomplex surface of a A-dimensional parakaehlerian space form (M(c), J, g). If the Ricci tensor S is non-zero on M, then it is a pseudo-Riemannian metric on M and (M, J, S) is an almost parahermitian manifold.
Proof. First by using (2.2) and (3.1a) in (3.8) we deduce that
S(JX, JY) = -S(X, Y), VX, Y 6 r(TM).
Also, from (3.8) we obtain
S( JEU JEi) = -5(£7i, E{) = -c + 2g{h{EuE1), h{Ei,Ei)),
and
Since S is supposed to be non-zero on M, the above relations prove our assertion.
Degenerate parahermitian hypersurfaces of parahermitian manifolds
Let M be a 2m-dimensional paracomplex submanifold of a 2 (m + 1)-dimensional parahermitian manifold (M,J,g). As in the previous section we denote by J and g the induced paracomplex structure and the induced tensor field on M by J and g respectively. In this section we suppose that M is an r-degenerate submanifold of M. Then (M, J, g) is called a degenerate parahermitian hypersuface of (M, J,g). As TM L is a vector bundle of rank 2, we deduce that the lightlike distribution Rad TM must be of rank 1 or 2. Concerning this problem we prove the following important result. This completes the proof of our assertion.
• Due to the above result, in the remaining part of the section we are dealing only with degenerate parahermitian hypersurfaces whose lightlike distribution is of rank 2. First, we recall that the study of the geometry of a degenerate submanifold (M, g) of a pseudo-Riemannian manifold (M, g) is based on the construction of a transversal vector bundle tr (TM) of M by using a screen distribution S(TM) on M (cf., Bejancu [2] ). Since Rad TM is of rank 2, we have Rad TM = TM 1 -as lightlike distribution on M. Then any complementary distribution to Rad TM is a screen distribution on M. In our case it is possible to choose a particular screen distribution, as it is shown in the next theorem.
THEOREM 4.2. Let (M, J,g) be a degenerate parahermitian hypersurface of a parahermitian manifold (M, J, g). Then we have the following assertions: (i) The lightlike distribution on M is invariant with respect to J. (ii) There exists a screen distribution on M that is invariant with respect to J.
Proof. As in case of non-degenerate submanifolds it follows that TM L is invariant with respect to J. This proves (i) because Rad TM = TM L . In order to prove (ii) we consider a Riemannian metric I on M whose existence is a consequence of the paracompactness of M. Then k given by
is also a Riemannian metric on M. Now we take as screen distribution on M the complementary orthogonal distribution S(TM) to TM 1 in TM with respect to the Riemannian metric k. Then for any X 6 T(S(TM)) we have
This completes the proof of the assertion (ii).
• Next, we suppose that S(TM) is an arbitrary screen distribution on M. Then from (2.12) we obtain a transversal vector bundle tr (TM) satisfying (4.2)
where _L and © stand for direct sum of orthogonal and non-orthogonal vector bundles respectively. Moreover, for a basis {^1,^2} of r(TM"
for any i,j G {1,2} and X e T(S(TM)). Now, we prove the following. 
(D~(M)).
Suppose £1 ft T(D + (M)) U T(D~(M)) and note that J£ 1 £ T(D + (M)) U T(D~(M)).
As TM 1 is invariant by J we deduce that r(TM x ) = Span {£1,62 = ^l}-Next, we consider tr (TM) corresponding to an invariant screen distribution S(TM). properties of V. First it is easy to see that V is a torsion-free linear connection. Moreover, if (M, J, g) is a parakaehlerian manifold then the induced almost product structure J on M is parallel with respect to V. The proof is similar to the one for (i) of Lemma 3.1 but is based on the invariance of tr M with respect to J stated by Theorem 4.3. However, in general V is not a metric linear connection. More precisely, by using (4.4) and taking into account that V is a metric linear connection on M, we obtain
Then we take a non-zero Ni € T(tr (TM)) and claim that Ni 0 T(D+(M))\J T(D~(M)). Indeed, ifiVi lies in one of the modules T(D + (M)) or T(D~(M)) then we have
(4.5) (V x g)(Y, Z) = B\X, Y)g(Nu Z) + B\X, Z)g(N u Y),
for any X,Y, Z E T(TM).
It is remarkable that the local components of the second fundamental form do not depend on both the screen distribution and the transversal vector bundle. Indeed, by using (4.3a), (4.3b) and (4.4) we deduce that
Also, taking into account that V is a metric linear connection and TM 1 -is a totally lightlike vector bundle, from (4.6) we infer that
for any X 6 T(TM). Contrary to the above situation, the induced linear connection V depend on the screen distribution. However, some problems concerning V can be studied by means of the local components of the second fundamental form and therefore they do not depend on S(TM) or tr (TM). We present here two such problems.
First, we say that M is totally geodesic immersed in M if any path of M with respect to an induced linear connection V is a geodesic of M. At the first sight we may think that this definition depends on V. But from (4.4) we easily deduce that M is totally geodesic if and only if The second problem is dealing with (4.5) and it is related to the first one. More precisely, we prove the following. Proof. Clearly, if (4.8) is satisfied then from (4.5) we deduce that V is a metric linear connection. Conversely, suppose that V is a metric linear connection and from (4.5) we obtain Also, we take X = £2 in (4.7b) and by using (4.7a) for B 2 , we obtain (4.11) = 0
Thus from (4.10), (4.11) and (4.7a) with respect to B 1 , we deduce that B 1 = 0 on M. Similarly, it follows that B 2 = 0 on M.
• Actually, by Theorem 4.4 we proved that when an induced linear connection V is metric then all the other induced linear connections coincide with V and M is totally geodesic. As an application of this result in lower dimensions we prove the following. Proof. By Theorem 4.1 it follows that the lightlike distribution of M must be of rank 2. As both TM and TM 1 are of rank 2, we deduce that Rad TM = TM = TM 1 . This is equivalent to g(X,Y) = 0 for any T(TM). Hence V is a metric linear connection and by Theorem 4.4 we conclude that M is totally geodesic.
• More results on the geometry of 4-dimensional parahermitian manifolds can be seen in Olszak [12] .
